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BIVARIATE POLY-ANALYTIC HERMITE POLYNOMIALS
ALLAL GHANMI AND KHALIL LAMSAF
ABSTRACT. A new class of bivariate poly-analytic Hermite polynomials is considered. We
show that they are realizable as the Fourier-Wigner transform of the univariate complex
Hermite functions and form a nontrivial orthogonal basis of the classical Hilbert space on
the two-complex space with respect to the Gaussian measure. Their basic properties are
discussed, such as their three term recurrence relations, operational realizations and dif-
ferential equations (Bochner’s property) they obey. Different generating functions of ex-
ponential type are obtained. Integral and exponential operational representations are also
derived. Some applications in the context of integral transforms and the concrete spectral
theory of specific magnetic Laplacians are discussed.
1 INTRODUCTION
The so-called univariate (poly-analytic) complex Hermite polynomials (UHCP), denoted
Hm,n(z, z), constitute an orthogonal basis of the classical Hilbert space on the complex
plane with respect to the Gaussian measure e−|z|2dxdy. They were introduced by Itô [17]
in the framework of complex Markov process and turned out to be useful in many differ-
ent contexts. In fact, they have been used as a basic tool in the study of, for instance, the
nonlinear analysis of traveling wave tube amplifiers [5], the spectral theory of some sec-
ond order differential operators [27, 19, 12], the study of some special integral transforms
[16, 7], coherent states theory [4, 3], combinatory [15, 14] and signal processing [22, 8]. For
their basic properties and applications, one can refer to [11, 14, 9, 7, 12].
Bivariate complex polynomials of Hermite type can be defined in many different ways.
The natural ones consist of considering the tensor product Hm(z)Hn(w) of the univari-
ate holomorphic Hermite polynomials Hm(z) or also by replacing z in Hm,n(z, z) by the
variable w, leading to the two-variable holomorphic Hermite polynomials Hm,n(z,w) con-
sidered in [14]. A systematic study of their analytic properties is presented in [13]. See
also [18] for quite variant class in three variables Hm,n(z,w, u). The u variable can be seen
as a physical parameter that interprets time or magnitude of a magnetic field [12, 7]. The
tensor product Hm,n(z, z)Hm′,n′(w,w) gives rise to another class of bivariate poly-analytic
Hermite polynomials.
In the present paper, we introduce a nontrivial class of bivariate (poly-analytic) complex
orthogonal polynomials. They are not a standard tensor product of the UHCP, but they
are with special composition operators. More precisely, following the same scheme giving
rise to the UCHP from the real Hermite polynomials via a like-binomial formula, we can
suggest the following
Hm,n,m′,n′(z,w) := Hm,n(z+ iw, z− iw)Hm′,n′(z+ iw, z− iw). (1.1)
We will focus on their basic properties. Mainly, we provide the corresponding creating
and annihilating operators, three term recurrence formulas, Rodrigues type formula and
special differential equations they obey. Connection to the UCHP is also given. Moreover,
different representations are derived such as the exponential operational representation
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and the integral representation by monomials. The realization as Fourier-Wigner trans-
form of the UCHP is investigated. We also show that these polynomials form an orthogo-
nal basis of H(C2z,w) := L2(C2, e−2(|z|2+|w|2)dλ), the Hilbert space on the two-dimensional
complex space with respect to the Gaussian measure. Summation formulas including
some generating functions are obtained. Interesting applications (which goes beyond the
scope of this work), in the context of integral transforms and the concreteL2- spectral anal-
ysis of special magnetic Laplacian, can be clearly stated. The concrete description of these
points will be the subject of a forthcoming paper.
The basic topics that we need in developing these items are collected in Section 2. Thus,
we begin by recalling some backgrounds, concerning Fourier-Wigner transform and the
univariate poly-analytic Hermite polynomials. Our main results are stated and proved in
Section 3. The last section is devoted to some concluding remarks concerning some direct
applications.
2 BACKGROUNDS
2.1 Fourier-Wigner transform. It is defined as a bilinear mapping on L2(Rd)× L2(Rd)
by
Vd( f , g)(p, q) =
(
1
2pi
) d
2 ∫
Rd
ei〈y,q〉 f
(
y+
p
2
)
g
(
y− p
2
)
dy (2.1)
for every (p, q) ∈ Rd ×Rd. It is an important tool in various fields of research like har-
monic analysis, signal analysis, engineering, and the physical sciences. In fact, it is es-
sential in studying Weyl transform [10, 24, 25] and in interpreting quantum mechanics
as a form of nondeterministic statical dynamics [21]. The Fourier-Wigner transform Vd
preserves the tensor product
Vd( f , g)(p, q) =
n
∏
j=1
V1( f j, gj)(pj, qj), (2.2)
for given f j, gj ∈ L2(R); j = 1, · · · , n, where V1, in the right hand-side, denotes the one-
dimensional Fourier-Wigner transform. Moreover, it satisfies the Moyal formula
〈Vd( f , g),Vd(ϕ,ψ)〉L2(Cd) = 〈 f , ϕ〉L2(Rd) 〈ψ, g〉L2(Rd) . (2.3)
This Moyal property and the action of Fourier-Wigner transform V1 on the classical (physi-
cist) univariate real Hermite functions
hrealn (x) = e
− x22 Hrealn (x) = (−1)ne
x2
2
dn
dxn
(e−x
2
)
are fundamental tools in reproving the known fact that the UCHP constitute an orthogonal
basis of the Hilbert space L2(C, e−|z|2dxdy) ([17, 16, 1]). In fact, we have ([1, Theorem 3.1])
Hm,n (z, z) = (−1)n
√
2√
2
m+n e
|z|2
2 V1(hrealm , hrealn )(
√
2x,
√
2y). (2.4)
Accordingly, it is rather natural to consider the set of functions V2(hm,n, hm′,n′), where
hm,n (z, z) := e−|z|
2/2Hm,n (z, z) denote the Hermite functions associated to the UCHP, and
to look for their basic properties and explicit expression. These aims are the subject of
Section 3. To this end, we collect below the basic properties of the UCHP that we need to
develop the rest of this paper.
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2.2 The univariate poly-analytic Hermite polynomials. The orthogonal UCHP are de-
fined by Rodrigues formula
Hm,n(z, z) = (−1)m+ne|z|2 ∂
m+n
∂zm∂zn
(
e−|z|
2
)
(2.5)
and satisfies ∫
C
Hm,n(z, z)Hj,k(z, z)e−|z|
2
dλ(z) = pim!n!δm,n. (2.6)
Their expression in terms of the generalized Laguerre polynomials is given in [16, Eq.
(2.3)], while the one in terms of the univariate real Hermite polynomials hrealm is given by
([11], see also [14])
Hm,n (z, z) =
(
1
2
)m+n
m!n!
m
∑
j=0
n
∑
k=0
(−1)k(i)j+k
j!k!
Hrealm+n−j−k(x)H
real
j+k(y)
(m− j)!(n− k)! (2.7)
with z = x+ iy; x, y ∈ R. The corresponding exponential operational formula
Hm,n(z, z¯) = e−∆C (zmzn) , ∆C :=
∂2
∂z∂z
, (2.8)
is proved in [14, Theorem 2.1]. Added to the integral representation (2.4) via the Fourier–
Wigner transform, such polynomials obey ([7, Theorem 2.4])
Hm,n(z; z) =
µ(−α)m(β)n
pi
e|z|
2
∫
C
ξmξ
ne−µ|ξ|
2+α〈ξ,z〉−β〈ξ,z〉dλ(ξ). (2.9)
Here α, β are complex numbers such that αβ = µ > 0. By taking for example µ = 1 and
α = −β = i, the integral representation (2.9) reduces further to the one obtained by Ismail
[14, Theorem 5.1].
2.3 Generating and bilinear generating functions. The considered polynomials can be
defined equivalently by means of the generating function
+∞
∑
m=0
+∞
∑
n=0
um
m!
vn
n!
Hm,n(z, z) = e−uv+zu+zv. (2.10)
Added to (2.10), the polynomials Hm,n satisfy further interesting (partial) generating func-
tions [7]. We collect here some bilateral generating functions of Mehler type that general-
ize, somehow, the classical Poisson kernel for the real Hermite polynomials Hrealm (x) (see
e.g. [20, 23, 2]). The following
+∞
∑
n=0
tn
n!
Hm,n(z, z)Hn,m′(w,w) = (−t)m′Hm,m′(z− tw, z− tw)etwz, (2.11)
valid for every t in the unit circle and z,w ∈ C, is proved in [7, Theorem 3.1], generalizing
the one in [11, Proposition 3.6]. However, they are three widest generalizations of (2.11).
The first one asserts that the quantity
E(u, v|z,w) :=
+∞
∑
m=0
+∞
∑
n=0
umvn
m!n!
Hm,n(z, z)Hm,n(w,w)
is given by the closed formula
1
1− uv exp
(
−uv(|z|
2 + |w|2)− uzw− vzw
1− uv
)
(2.12)
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for every u, v ∈ C such that |uv| < 1. This is exactly Mehler’s formula for Hm,n(z; z) given
by Wünsche [26] without proof and recovered by Ismail [14, Theorem 3.3] as a specific
case of his Kibble-Slepian formula [14, Theorem 1.1] (see [12, Theorem 4.1] for a special
generalization). As consequence of (2.12) combined with the integral representation (2.9),
one can derive an interesting self-reciprocity property (see [12, Theorem 4.2]). The closed
explicit expression of the Heat kernel function for a spacial magnetic Laplacian is also
given in [12, Theorem 3.3]. The extension to t in the unit circle and |u| < 1 is given by [7,
Theorem 2.4]
E(u, t|z,w) = 1
(1− tu) exp
(−tu|z− tw|2
1− tu
)
etwz (2.13)
as well as ([7, Theorem 2.3])
+∞
∑
m=0
+∞
∑
n=0
umtn
m!n!
Hm,n(z, z)Hn,m′(w,w) = (w− tz+ u)m′etzw−ut(w−tz). (2.14)
Remarkable applications are given in the context of integral transforms connecting the
generalized Bargmann–Fock spaces or also L2(C, e−|z|2dxdy) to the two-dimensional Bargmann-
Fock space F 2(C2) are given (see [7] for detail).
3 BIVARIATE COMPLEX HERMITE POLYNOMIALS
The polynomials Hm,n,m′,n′ defined through (1.1), depending in z, w and in their com-
plex conjugates, are called here bivariate complex poly-analytic Hermite polynomials and
abbreviated as BCPHP. Throughout this paper, we will use simultaneously the notation
Hm,n,m′,n′(z,w) as well as the short one HM(Z, Z), where M is a 4-uplet and Z = (z,w) with
Z = (z,w), to design the BCPHP. We will also make use of the multi-index notation. For
given M = (m1,m2,m′1,m
′
2) and N = (n1, n2, n
′
1, n
′
2), we define |M| = m1 +m2 +m′1 +m′2
and the Krönecker symbol δM,N := δm1,n1δm2,n2δm′1,n′1δm′2,n′2 , while M! := m1!m2!m
′
1!m
′
2!.
The binomial coefficient, for N ≤ M (i.e., m` ≤ n` and m′` ≤ n′`; ` = 1, 2), is defined by(
M
N
)
= ∏
`=1,2
(
m`
n`
)(
m′`
n′`
)
.
It is clear from (1.1) that the Hm,n,m′,n′(z,w) are polynomials in z+ iw of degree m, in z−
iw of degree n, in z+ iw of degree m′ and in z− iw of degree n′. They are also polynomials
in z, z,w and w of degrees m+ n; m′ + n′, m+ n and m′ + n′, respectively. As particular
case, we have Hm,n,0,0(z,w) = Hm,n(z+ iw, z− iw), Hm,0,m′,0 = (z+ iw)m(z+ iw)m′ and
Hm,0,0,n′ = (z+ iw)m(z− iw)n′ . Moreover, we have the following symmetry relationships
for indexes by taking the complex conjugation
Hm,n,m′,n′(z,w) = Hn,m,n′,m′(z,w) = Hm,n,m′,n′(z,−w) (3.1)
and
Hm,n,m′,n′(z,w) = Hm′,n′,m,n(z,w). (3.2)
It becomes clear from above the need of associating to each (z,w) ∈ C2 the complex
numbers ξ = z + iw, ξ∗ = z + iw, ξ = z − iw and ξ˜ = z − iw. Notice that ξ and ξ˜ are
respectively the complex conjugates of ξ and ξ∗. It should be mentioned here that the
operations −, ∗ and ˜ are involutions, i.e., ξ∗∗ = ˜˜ξ = ξ = ξ. Moreover, they are pairwise
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commuting, in the sense that ξ
∗
= ξ∗ = ξ˜, ξ˜ = ξ˜ = ξ∗ and ξ˜∗ = ξ˜∗ = ξ. Thus, the
components z and w, in the definition of ξ, are reals if and only if ξ = ξ∗ and ξ˜ = ξ.
3.1 Orthogonality. The first main result of this subsection shows that the polynomials
HM are orthogonal inH(C2z,w).
Theorem 3.1. We have∫
C2
HM(Z, Z)HN(Z, Z)e−2|Z|
2
dλ(Z) =
pi2
4
M!δM,N. (3.3)
Proof. Denote the left hand-side of (3.3) by IM,N and notice that the Lebesgue measure
on C2 = R4, satisfies 4dλ(Z) = 4dλ(z,w) = dλ(ξ, ξ˜). Therefore, using the fact 2|Z|2 =
2(|z|2 + |w|2) = |ξ|2 + |ξ˜|2 and Fubuni theorem, we obtain
IM,N =
1
4
〈Hm1,m2 , Hn1,n2〉L2(Cξ ,e−|ξ|2dλ)
〈
Hm′1,m′2 , Hn′1,n′2
〉
L2(Cξ ,e−|ξ˜|
2dλ)
,
where M = (m1,m2,m′1,m
′
2) and N = (n1, n2, n
′
1, n
′
2). The result follows making use of the
orthogonality property (2.6) for the UCHP.
Theorem 3.2. The bivariate complex Hermite polynomials Hm,n,m′,n′ form an orthogonal basis for
the Hilbert spaceH(C2z,w).
Proof. We need only to prove completeness. Let f ∈ H(C2z,w) such that∫
C2
f (z,w)Hm,n,m′,n′(z,w)e−2(|z|
2+|w|2)dλ(z,w) = 0
for every 4-uplet M = (m, n,m′, n′). Therefore, we get∫
C
(∫
C
f (ξ, ξ˜)Hm,n(ξ, ξ)e−|ξ|
2
dλ(ξ)
)
Hm′,n′(ξ∗, ξ˜)e−|ξ˜|
2
dλ(ξ˜) = 0.
This implies that the function ψ : ξ˜ 7−→ ∫
C
f (ξ, ξ˜)Hm,n(ξ, ξ)e−|ξ|
2
dλ(ξ) vanishes a.e. on C,
for ψ ∈ L2(C, e−|ξ˜|2dλ(ξ)) and the UCHP being a basis of it. The same argument shows
that f (ξ, ξ˜) = 0 a.e. on C2. This completes the proof.
3.2 Rodrigues type formula. In our framework, any function f in (z,w) ∈ C2 can also
be seen as a function in ξ = z + iw and ξ˜ = z − iw (and implicitly in ξ = z − iw and
ξ∗ = z+ iw). We perform the following family of first order differential operators
Aξ :=
1
2
(
∂
∂z
− i ∂
∂w
)
=:
∂
∂ξ
and Aξ∗ :=
1
2
(
∂
∂z
− i ∂
∂w
)
=:
∂
∂ξ∗
(3.4)
and their like-complex conjugates
Aξ :=
1
2
(
∂
∂z
+ i
∂
∂w
)
=:
∂
∂ξ
and A
ξ˜
:=
1
2
(
∂
∂z
+ i
∂
∂w
)
=:
∂
∂ξ˜
. (3.5)
The notation of derivation in the right hand-sides of equalities (3.4) and (3.5) is justified
by the following lemma, whose proof is straightforward.
Lemma 3.3. The operators Aξ , Aξ , Aξ∗ and Aξ˜ are pairwise commuting. Moreover, they look like
the derivation operators with respect to ξ, ξ, ξ∗ and ξ˜ (seen as independent variables), respectively.
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More precisely, we have
Aξ(ξmξ
n
ξ∗ jξ˜k) = mξm−1ξnξ∗ jξ˜k; Aξ(ξ
mξ
n
ξ∗ jξ˜k) = nξmξn−1ξ∗ jξ˜k;
Aξ∗(ξmξ
n
ξ∗ jξ˜k) = jξmξnξ∗ j−1ξ˜k; A
ξ˜
(ξmξ
n
ξ∗ jξ˜k) = kξmξnξ∗ jξ˜k−1;
Aξ(ξ
n
ξ∗ jξ˜k) = Aξ(ξ
mξ∗ jξ˜k) = Aξ∗(ξmξ
n
ξ˜k) = A
ξ˜
(ξmξ
n
ξ∗ j) = 0.
Accordingly, it is essential to make the following observation.
Lemma 3.4. We have
(−1)me|ξ|2
(
Am
ξ
(ξ
ne−|ξ|
2
)
)
= Hm,n(ξ, ξ)
and
(−1)m′
(
Am
′
ξ˜
(ξ˜n
′
e−|ξ
∗|2)
)
Hm′,n′(ξ∗, ξ˜).
Proof. The result can be handled by direct computation using Leibniz formula for the op-
erator Am
ξ
and Am
′
ξ˜
combined with appropriate change of variable. However, the proof, we
adopt here, follows easily making use of the commutation rules and their explicit actions
on the monomials (Lemma 3.3) that we may extend to Gaussian functions.
Subsequently we assert the following.
Theorem 3.5. Keep notations as above. The bivariate complex Hermite polynomials Hm,n,m′,n′
satisfy
Hm,n,m′,n′(z,w) := (−1)m+n+m′+n′e|ξ|2+|ξ∗|2Amξ AnξAm
′
ξ˜
An
′
ξ∗
(
e−|ξ|
2−|ξ∗|2
)
. (3.6)
Proof. Starting from (1.1) and making use of Lemma 3.4, we obtain
Hm,n,m′,n′(z,w) = Hm,n(ξ, ξ)Hm′,n′(ξ∗, ξ˜)
= (−1)m+m′e|ξ|2+|ξ∗|2
(
Am
ξ
(ξ
ne−|ξ|
2
)
) (
Am
′
ξ˜
(ξ˜n
′
e−|ξ
∗|2)
)
= (−1)m+n+m′+n′e|ξ|2+|ξ∗|2Am
ξ
AnξA
m′
ξ˜
An
′
ξ∗
(
e−|ξ|
2−|ξ∗|2
)
.
This completes the proof of (3.6).
3.3 Creating and annihilating operators. The three term recurrence formulas
Hm+1,n,m′,n′ = ξHm,n,m′,n′ − AξHm,n,m′,n′
Hm,n+1,m′,n′ = ξHm,n,m′,n′ − AξHm,n+1,m′,n′
Hm,n,m′+1,n′ = ξ∗Hm,n,m′,n′ − Aξ˜Hm,n,m′+1,n′
Hm,n,m′,n′+1 = ξ˜Hm,n,m′,n′ − Aξ∗Hm,n,m′,n′
can be derived easily from Rodrigues’ type formula (3.6) (or also from their analogues for
the UCHP) combined with Lemma 3.3. Accordingly, the operators ξ − Aξ , ξ − Aξ , ξ˜ − Aξ∗
and ξ∗ − A
ξ˜
are raising operators for the polynomials Hm,n,m′,n′(z,w), in the sense that
(ξ − Aξ)Hm,n,m′,n′ = Hm+1,n,m′,n′ (3.7)
(ξ − Aξ)Hm,n,m′,n′ = Hm,n+1,m′,n′ (3.8)
(ξ˜ − Aξ∗)Hm,n,m′,n′ = Hm,n,m′+1,n′ (3.9)
(ξ∗ − A
ξ˜
)Hm,n,m′,n′ = Hm,n,m′,n′+1. (3.10)
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The following realizations of the Hm,n,m′,n′ are of particular interest.
Proposition 3.6. We have
Hm,n,m′,n′ = (ξ∗ − Aξ˜)m
′
(ξ˜ − Aξ∗)n′Hm,n,0;0 (3.11)
= (ξ − Aξ)m(ξ − Aξ)nH0,0,m′,n′ (3.12)
= (ξ − Aξ)m(ξ − Aξ)n(ξ∗ − iAξ˜)m
′
(ξ˜ − Aξ∗)n′ · (1) (3.13)
as well as
Hm,n,m′,n′ = (ξ − Aξ)m(ξ∗ − Aξ˜)m
′
(ξ
n
ξ˜n
′
) (3.14)
= (ξ − Aξ)n(ξ˜ − Aξ∗)n′(ξmξ∗m
′
). (3.15)
Proof. The proof of (3.13) is a immediate consequence of (3.11) and (3.12) since H0,0,0,0 = 1.
While the ones of the first and the second assertion are similar. The proof of (3.11) readily
follows using Hm,n,m′,n′ = (ξ − Aξ)mH0,n,m′,n′ as well as Hm,n,m′,n′ = (ξ − Aξ)nHm,0,m′,n′ ,
which follow by induction from the three terms recurrence formulas (3.7) and (3.8). By
means of similar arguments, we have
Hm,n,m′,n′ = (ξ − Aξ)m(ξ∗ − Aξ˜)m
′
H0,n,0,n′ .
This infers the identity (3.14) since H0,n,0,n′ = ξ
n
ξ˜n
′
. The proof of the last one, (3.15), is
similar. However, it can be obtained by the complex conjugation thanks to (3.1) and the
identities ξ = ξ, ξ∗ = ξ˜ and ξ˜ = ξ∗.
Remark 3.7. Notice that the operator ξ˜ − Aξ∗ commutes with ξ − Aξ and ξ − Aξ but not with
ξ∗ − A
ξ˜
. This fact leads to other possible forms of the polynomials Hm,n,m′,n′ . For example, among
others we have
Hm,n,m′,n′(z,w) = (ξ∗ − Aξ˜)m
′
(ξ˜ − Aξ∗)n′(ξ − Aξ)m(ξ − Aξ)n · (1) (3.16)
= (ξ − Aξ)m(ξ∗ − Aξ˜)m
′
(ξ − Aξ)n(ξ˜ − Aξ∗)n′ · (1). (3.17)
As immediate consequence of Proposition 3.6, we show that Aξ , Aξ , Aξ∗ and Aξ˜ are
lowering operators for the Hm,n,m′,n′ . More exactly, we assert the following.
Proposition 3.8. We have
AξHm,n,m′,n′ = mHm−1,n,m′,n′ (3.18)
AξHm,n,m′,n′ = nHm,n−1,m′,n′ (3.19)
Aξ∗Hm,n,m′,n′ = m′Hm,n,m′−1,n′ (3.20)
A
ξ˜
Hm,n,m′,n′ = n′Hm,n,m′,n′−1. (3.21)
Proof. The identity (3.19) (resp. (3.21)) follows easily from (3.15) (resp. (3.14)) by acting on
by the operator Aξ (resp. Aξ˜) keeping in mind the identity Aξ(ξ
mξ
n
) = nξmξn−1 (resp.
A
ξ˜
(ξ∗m
′
ξ˜n
′
) = n′ξ∗m
′
ξ˜n
′−1). While (3.18) (resp. (3.20)) is the complex conjugate of (3.19)
(resp. (3.21)) thanks to (3.1).
3.4 Exponential operational representation. This result establishes an analog of the op-
erational formula (2.8). To this end, we denote by
∆C2 :=
∂2
∂z∂z
+
∂2
∂w∂w
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the Laplace-Beltarmi operator on C2. It should be noticed here that
AξAξ =
1
4
∆C2 +
i
4
C2
and
Aξ∗Aξ˜ =
1
4
∆C2 −
i
4
C2 ,
so that
AξAξ + Aξ∗Aξ˜ =
1
2
∆C2 .
Above C2 denotes the second order differential operator given by
C2 :=
∂2
∂z∂w
− ∂
2
∂w∂z
.
Theorem 3.9. For every (z,w) ∈ C2, we have the following operational formula
Hm,m′,n,n′(z,w) = e
−(AξAξ+Aξ∗Aξ˜)
(
ξmξ
n
ξ∗m
′
ξ˜n
′)
. (3.22)
Proof. The result readily follows using (2.8). Indeed, by seen ξ and ξ∗ as complex variables
with complex conjugates ξ and ξ˜, respectively, we can write
Hm,m′,n,n′(z,w) = Hm,n(ξ, ξ)Hm′,n′(ξ∗, ξ˜)
= e−AξAξ
(
ξmξ
n
)
e−Aξ∗Aξ˜
(
ξ∗m
′
ξ˜n
′)
= e−(AξAξ+Aξ∗Aξ˜)
(
ξmξ
n
ξ∗m
′
ξ˜n
′)
.
Thus, one concludes for (3.22) since AξAξ and Aξ∗Aξ˜ commute.
Remark 3.10. The result of Theorem 3.9 can also be handled making use of Theorem 3.14 below.
3.5 Special second differential equations. Using the introduced lowering and raising
operators, it is easy to see that the polynomials Hm,n,m′,n′ solve some second order differ-
ential equations. Indeed, by applying ξ − Aξ (resp. ξ − Aξ , ξ∗ − Aξ˜ and ξ˜ − Aξ∗) to (3.18)
(resp. (3.19), (3.20) and (3.21)), it is easy to check the following result.
Lemma 3.11. The polynomials Hm,n,m′,n′ satisfy Bochner’s property for being eigenfunctions of the
second order differential operator Lξ := ξAξ − AξAξ (resp. Lξ := ξAξ − AξAξ , Lξ∗ := ξ∗Aξ∗ −
Aξ∗Aξ˜ and Lξ˜ := ξ˜Aξ˜ − Aξ∗Aξ˜) with m (resp. n, m′ and n′) as corresponding eigenvalue.
Consequently, the polynomials Hm,n,m′,n′ are clearly solutions of the eigenvalue and the
commune eigenvalue problems for the second order differential operators
Sξ := −14
(
∆C2 + iC2 − 2(Ez + Ew) + 2i(Fzw − Fwz)
)
(3.23)
Sξ∗ := −14
(
∆C2 − iC2 − 2(Ez + Ew) + 2i(Fzw − Fwz)
)
, (3.24)
and their complex conjugates Sξ and Sξ˜ . Here Ez := z
∂
∂z and its complex conjugate Ez :=
z ∂∂z are the usual Euler operators on C, and Fzw, Fzw, Fzw, Fz w, Fwz, Fwz, Fwz and Fwz, are
the coupled Euler operators defined by
Fuv := u
∂
∂v
.
For proving the previous assertion, it suffices to make the following observation.
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Lemma 3.12. The operators Sξ , Sξ , Sξ∗ and Sξ˜ are exactly those involved in Lemma 3.11, S• = L•.
Moreover, the L2-eigenvalue problem associated to the special Landau Hamiltonian
Lξ := ξAξ − AξAξ acting on H(C2z,w) can explicitly described. Namely, we prove the
following
Theorem 3.13. The spectrum of the operator Sξ (resp. Sξ, Sξ∗ and Sξ˜) acting on H(C2z,w) is
purely discrete and is constituted of the eigenvalues ` = 0, 1, 2, · · · .
Proof. Lemmas 3.11 and 3.12 show that the polynomials Hm,n,m′,n′ are eigenfunctions of
Lξ (resp. Lξ , Lξ∗ and Lξ˜). Moreover, they belong to the Hilbert space H(C2z,w), thanks
Theorem 3.1, with m as corresponding eigenvalue (Lemma 3.11). Therefore, one may
conclude in virtue of their completeness proved in Theorem 3.2.
3.6 Connection to the UCHP. Added to (1.1), the polynomials HM are closely connected
to the univariate complex Hermite polynomials Hj,k by means of the so-called (4, 2)-
binomial operator B(4,2)M , defined on double function sequences f = ( fm,n)m,n on the com-
plex plane by
B(4,2)M ( f )(z,w) :=
M
∑
J=0
(−1)k+k′ i|J|
(
M
J
)
fm+n′−j−k′,m′+n−j′−k(z, z) f j+k′,j′+k(w,w)
with M = (m, n,m′, n′) and J = (j, k, j′, k′).
Theorem 3.14. Set Hcomplex := (Hm,n)m,n. Then, we have
Hm,n,m′,n′ (z,w) =
1
√
2
|M|B
(4,2)
M (H
complex)(
√
2z,
√
2w). (3.25)
Proof. Direct computation shows that the quantity
Qam,n,m′,n′(z,w) := e
−a∆
C2
(
(z+ iw)m(z− iw)n(z+ iw)m′(z− iw)n′
)
,
for any positive real number a > 0, is equal to
Qam,n,m′,n′(z,w) = B(4,2)M (e−a∆C(E))(z,w),
where E stands for the sequence (em,n)m,n with em,n(z, z) := zmzn. Therefore, using the fact
that
e−a∆ζ (ζmζn) =
√
am+nHm,n
(
ζ√
a
,
ζ√
a
)
,
we get
Qam,n,m′,n′(z,w) =
√
a|M|B(4,2)M (Hcomplex)
(
ζ√
a
,
ζ√
a
)
.
Finally, the identity (3.25) follows by taking a = 1/2 and making use of Theorem 3.9, since
Q1/2m,n,m′,n′ = Hm,n,m′,n′ .
Remark 3.15. The result of Theorem 3.14 can also be obtained starting from Theorem 3.5 and
making use of the binomial identity for commuting operators and Rodrigues’ formula (2.5) for the
UCHP.
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Remark 3.16. By taking m′ = n′ = 0 and replacing w by −iw in (3.25), we recover Runge
formula for the UCHP [11, Proposition 3.8],
Hm,n (z+ w, z+ w) =
m!n!√
2
m+n
m
∑
j=0
n
∑
k=0
Hm−j−k′,n−k(
√
2z,
√
2z)
(m− j)(n− k)j
Hj,k(
√
2w,
√
2w)
j!k!
. (3.26)
A linearization formula for the product Hm,n(z, z)Hm′,n′(z, z) is proved by Ismail in [14,
Theorem 4.1], Theorem 3.14 furnish another linearization formula for such product.
Corollary 3.17. We have
Hm,n(z, z)Hm′,n′(z, z) =
1
√
2
|M|
M
∑
J=0; j+k′=j′+k
(−1)j+k(j+ k′)!i|J|
(
M
J
)
(3.27)
× Hm+n′−j−k′,n+m′−j−k′(
√
2z,
√
2z).
Proof. It is immediate taking w = 0 in Theorem 3.14 and using the fact that Hm,n,m′,n′(z, 0) =
Hm,n(z, z)Hn′,m′(z, z) as well as Hr,s(0, 0) = (−1)rr! when r = s and Hr,s(0, 0) = 0 other-
wise.
3.7 Integral representations. The first integral representation for HM(Z, Z) follows im-
mediately from their definition and the integral representation (2.9) of Hm,n(z, z). Namely,
if for given complex numbers α, α′, β, β′ such that µ := αβ > 0 and µ′ := α′β′ > 0, we let
Eα
′,β′
α,β (u, v|X,Y) denote the exponential function
Eα
′,β′
α,β (u, v|X,Y) := exp
(
−µ|u|2 − µ′|v|2 + α 〈u, X〉 − β〈u, X〉+ α′ 〈v,Y〉 − β′〈v,Y〉
)
(3.28)
then the following holds true
Hm,n,m′,n′(z,w) =
(−1)m+m′µµ′αmβn(α′)m′(β′)n′
pi2
e2(|z|
2+|w|2) (3.29)
×
∫
C2
umunvm
′
vn
′
Eα
′,β′
α,β (u, v|z+ iw, z+ iw)dλ(u, v).
A variant integral representation of (3.29), involving the auxiliary variables ξu,v := u+
iv, ξu,v := u− iv, ξ∗u,v := u+ iv and ξ˜u,v := u− iv in the integrand, is the following.
Theorem 3.18. For every α, β ∈ C such that µ = αβ > 0, we have
Hm,n,m′,n′
(
z√
2
,
w√
2
)
=
µ2(−α)m+n′βm′+n
pi2
√
2
|M| e
|z|2+|w|2 (3.30)
×
∫
C2
(u+ iv)m(u− iv)n(u+ iv)m′(u− iv)n′Eα,βα,β(u, v|z,w)dλ(u, v).
Proof. For the proof, we make use of Theorem 3.14 and the integral representation of the
UCHP given through (2.9). Indeed, the quantity Hm,n,m′,n′
(
z√
2
, w√
2
)
can be rewritten as
µ2(−α)m+n′βm′+n
pi2
√
2
|M| e
|z|2+|w|2
∫
C2
SM(u, v)E
α,β
α,β(u, v|z,w)dλ(u, v),
where SM(u, v) is given by
SM(u, v) := B(4,2)M (E)(u, v) = (u+ iv)m(u− iv)n(u+ iv)m
′
(u− iv)n′ .
This proves (3.30).
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Remark 3.19. For the particular case of α = −β = i, the identity (3.30) reads simply
Hm,n,m′,n′
(
z√
2
,
w√
2
)
=
(−i)|M|
pi2
√
2
|M| e
|z|2+|w|2 (3.31)
×
∫
C2
ξmu,vξu,v
n
ξ∗u,v
m′ ξ˜u,v
n′
e−|u|
2−|v|2+2iRe(〈u,z〉+〈v,w〉)dλ(u, v).
3.8 Realization as Fourier-Wigner transform of the UCHP. The next result gives an-
other integral representation of the bivariate complex Hermite polynomials by means of
the UCHP. To this end, we consider the two-dimensional Fourier-Wigner transform V2
(d = 2) and we set
V(ψ, ϕ)(z;w) := V2(ψ, ϕ)((x1, x2); (y1, y2))
for given complex variables z` = x` + iy`; ` = 1, 2, with x`, y` ∈ R, and ψ, ϕ ∈ L2(R2).
Theorem 3.20. Let hm,n (z, z) := e−
|z|2
2 Hm,n (z, z) denote the complex Hermite functions. Then,
we have
Hm,n,m′,n′(z,w) = 2(−1)m′+ne|z|2+|w|2V(hm,n′ , hm′,n)(2z, 2w). (3.32)
Proof. Direct computation using (2.7) and the product formula (2.2), shows that for M =
(m, n,m′, n′) we have
V2(hm,n′ , hm′,n)(
√
2z,
√
2w) =
1
2|M|
B(4,2)M (V)(
√
2z,
√
2w),
where we have set V := (Vr,s)r,s = V1(hrealr , hreals ). But, in view of (2.4), we arrive at
V2(hm,n′ , hm′,n)(
√
2z,
√
2w) =
(−1)m′+n
2
√
2
|M| e
− 12 (|z|2+|w|2)B(4,2)M (Hcomplex) (z,w)
=
(−1)m′+n
2
e−
1
2 (|z|2+|w|2)HM
(
z√
2
,
w√
2
)
.
This establishes (3.32) thanks to Theorem 3.14.
Remark 3.21. Orthogonality (Theorem 3.1) and completeness (Theorem 3.2) of HM(Z, Z) in the
Hilbert spaceH(C2z,w) can be recovered via the realization of these polynomials as Fourier-Wigner
transform of the UCHP and using Moyal identity.
The previous result implicitly states that the bivariate complex Hermite polynomials
are expressible as finite sum of the Fourier-Wigner transform of the tensor product
hrealm ⊗ hrealm′ (t, t′) := hrealm (t)hrealm′ (t′). (3.33)
The next one gives a direct representation of Hm,n,m′,n′ as Fourier-Wigner transform of such
tensor product. Thus, we set
Vm,nm′,n′ := V2(hrealm ⊗ hrealm′ , hrealn ⊗ hrealn′ ). (3.34)
Theorem 3.22. We have
Hm,n,m′,n′
(
z√
2
,
w√
2
)
=
(−1)n+n′
√
2
|M|−2 e
1
2 (|z|2+|w|2)Vm,nm′,n′(z+ iw, z+ iw). (3.35)
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Proof. Starting from (3.34) and using the product formula (2.2) as well as (2.4), one gets
Vm,nm′,n′(ξ, ξ
∗) = V1(hrealm , hrealn )(ξ)V1(hrealm′ , hrealn′ )(ξ∗)
= (−1)n+n′
√
2
|M|
2
e−
1
4 (|ξ|2+|ξ∗|2)Hm,n
(
ξ√
2
,
ξ√
2
)
Hm′,n′
(
ξ∗√
2
,
ξ∗√
2
)
.
By taking ξ = z+ iw, ξ = z− iw, ξ∗ = z+ iw and ξ∗ = z− iw = ξ˜ for given z,w ∈ C, we
obtain
Vm,nm′,n′(ξ, ξ
∗) = (−1)n+n′
√
2
|M|
2
e−
1
4 (|ξ|2+|ξ∗|2)Hm,n,m′,n′
(
z√
2
,
w√
2
)
.
This is exactly (3.22)
3.9 Exponential generating function. In this section, we investigate some basic gener-
ating functions. The few first ones follow from Mehler formulas for the UCHP presented
in Subsection 2.3.
Proposition 3.23. We have
+∞
∑
n=0
tn
n!
Hm,n,n,m′(z,w) = (−t)−m′Hm,m′(ζt,z,w, ζt,z,w)et(z
2+w2). (3.36)
where ζt,z,w := (z− tz) + i(w− tw).
Proof. From (2.11), one deduces
+∞
∑
n=0
tn
n!
Hm,n,n,m′(z,w) =
+∞
∑
n=0
tn
n!
Hm,n(ξ, ξ)Hn,m′(ξ∗, ξ˜)
= (−t)m′Hm,m′(ξ − tξ∗, ξ − tξ˜)etξ∗ξ .
This yields (3.36) since ξ∗ξ = z2 + w2 and ξ − tξ∗ = (z− tz) + i(w− tw) = ζt,z,w.
Remark 3.24. The particular case of t = −1 reduces further to
+∞
∑
n=0
(−1)n
n!
Hm,n,n,m′(z,w) = Hm,m′(2ζ−1,z,w, 2ζ−1,z,w)e−(z
2+w2).
with ζ−1,z,w = Re(z) + iRe(w).
The next one concerns the generating function
G2(u, v|z,w) :=
+∞
∑
m=0
+∞
∑
n=0
umvn
m!n!
Hm,n,m,n(z,w).
Proposition 3.25. For any u, v ∈ C such |uv| < 1, we have
G2(u, v|z,w) = 11− uv exp
(
(u+ v− 2uv)|z|2 − (u+ v+ 2uv)|w|2 + 2iRe(zw)
1− uv
)
.
Proof. The proof is straightforward and follows easily making use of (2.12).
Proposition 3.26. For |u| < 1 and |t| = 1, we have
+∞
∑
m=0
+∞
∑
n=0
umtn
m!n!
Hm,n,n,m(z,w) =
et(z
2+w2)
1− ut exp
(
− ut
1− ut |z− tz+ i(w− tw)|
2
)
. (3.37)
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In particular, we have
+∞
∑
m=0
+∞
∑
n=0
um
m!n!
Hm,n,n,m(z,w) =
ez
2+w2
1− u exp
(
− 4u
1− u (Im(z)
2 + Im(w)2)
)
(3.38)
for every u ∈ C such that |u| < 1.
Proof. The proof of (3.37) is immediate in view of from (2.13). While the generating func-
tion (3.38) is in fact a particular case with t = 1.
Proposition 3.27. For |u| < 1 and |t| = 1, we have
+∞
∑
m=0
+∞
∑
n=0
umvn
m!n!
Hm,n,n,m′(z,w) = (tu+ ζt,z,w)m
′
exp
(
t(z2 + w2) + uζt,z,w
)
. (3.39)
Proof. The direct use of (2.14), that we rewrite in the form
+∞
∑
m,n=0
umtn
m!n!
Hm,n,n,m′(z,w) = (tξ − tξ + tu)m′etξξ∗+u(ξ−tξ∗),
yields (3.39), since ξ∗ξ = z2 + w2 and ξ˜ − tξ = (z− tz)− i(w− tw) = ζt,z,w.
The next result concerns the special sum
G4(z,w|u, v, u′, v′) :=
+∞
∑
m=0
+∞
∑
n=0
+∞
∑
m′=0
+∞
∑
n′=0
um
m!
vn
n!
u′m
′
m′!
v′n
′
n′!
Hm,m′,n,n′(z,w). (3.40)
Proposition 3.28. The function G(z,w|u, v, u′, v′) is given by
G4(z,w|u, v, u′, v′) = e−uv−u′v′ez(u+v′)+z(v+u′)+iw(u−v′)+iw(u′−v) (3.41)
for every z,w, u, v, u′, v′ ∈ C.
Proof. The closed expression of G4(z,w|u, v, u′, v′) is immediate from the definition of the
BCPHP and using the classical generating function (2.10) for the UCHP.
The last results of this section are partial generating functions for HM.
Proposition 3.29. For any z,w, u, v, u′, v′ ∈ C, we have
+∞
∑
m=0
+∞
∑
m′=0
um
m!
u′m′
m′!
Hm,n,m′,n′(z,w) = (z− iw− u)n(z− iw− u′)n′eu(z+iw)+u′(z+iw). (3.42)
and
+∞
∑
m=0
+∞
∑
n=0
um
m!
vn
n!
Hm,n,m′,n′(z,w) = euv−u(z+iw)−v(z−iw)Hm′,n′(z+ iw,w− iw). (3.43)
Proof. By rewriting the left hand-side in (3.42) as(
+∞
∑
m=0
um
m!
Hm,n(z+ iw, z− iw)
)(
+∞
∑
m′=0
u′m′
m′!
Hm′,n′(z+ iw,w− iw)
)
and next applying the identity [11, Proposition 3.4, Eq. (3.13)]
+∞
∑
m=0
um
m!
Hm,n(ζ, ζ) = (ζ − u)euζ ,
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we get the identity (3.42). While (3.43) is immediate from (2.10) since the left hand-side
takes the form(
+∞
∑
m=0
+∞
∑
n=0
um
m!
vn
n!
Hm,n(z+ iw, z− iw)
)
Hm′,n′(z+ iw,w− iw).
Remark 3.30. Similar partial generating functions to the ones in Proposition 3.29 can be obtained
by means of the symmetry properties (3.1) and (3.2).
4 CONCLUDING REMARKS
Further many interesting algebraic properties of the introduced polynomials can be de-
rived as immediate consequences of onces obtained in Section 3. The simply ones, like
the generating functions in Propositions 3.23–3.28, follow directly from different Mehler
formulas for the UCHP. A Runge addition type formula for the polynomials HM
Hm,n,m′,n′(z+ z′,w+ w′) =
1
√
2
|M|
M
∑
J=0
(
M
J
)
HJ(
√
2z,
√
2w)HM−J(
√
2z′,
√
2w′). (4.1)
may be proved easily by means of (3.26). While the use of the Nielson identity for the
UCHP ([11, Proposition 3.2])
Hm+p,n+q (z, z) = m!n!p!q!
m∧q
∑
j=0
n∧p
∑
k=0
(−1)j+k
j!k!
Hm−j,n−k(z, z)
(m− j)!(n− k)!
Hp−k,q−j(z, z)
(p− k)!(q− j)! ,
where m ∧ q := min(m, q), gives rise to the following quadratic recurrence formula
HM+N(z,w) =
M∧Nt
∑
J=0
(−1)|J|
(
M
J
)(
N
Jt
)
HM−J(z,w)HN−Jt(z,w) (4.2)
for given M = (m, n,m′, n′) and N = (p, q, p′, q′), with M ∧ Nt := (m ∧ q, n ∧ p,m′ ∧
q′, n′ ∧ p′). Here Jt is defined by Jt = (k, j, k′, j′) for J = (j, k, j′, k′). Notice also that the
closed formula of the following special generating function for the UCHP.
TM(u, v|z,w) :=
∞
∑
j=0
∞
∑
k=0
∞
∑
j′=0
∞
∑
k′=0
(−1)k′ ijujvj′zkwk′
j!k!j′!k′!
Hj′+m′,k′+n′(z, z)Hj+m,k+n(w,w) (4.3)
readily follows by rewriting Hm,n,m′,n′ in the form
Hm,n,m′,n′(z,w) = Hm,n(iw− (−z),−iw− (−z))Hm′,n′(z− (−iw), z− iw)
and next applying [14, Theorem 4.10]
∞
∑
j=0
∞
∑
k=0
Hj+m,k+n(z, z)
ujvk
j!k!
= (−1)m+neuz+vz−uvHm,n(z− v, z− v),
keeping in mind the fact that Hm,n(iz,−iz) = im+nHm,n(z, z). In fact, we assert
TM(u, v|z,w) = (−1)|M|im”+n′euξ+vξ∗Hm,n,m′,n′(z,w). (4.4)
Some analytic aspects of HM are encoded in Theorems 3.1, 3.2, 3.20 and 3.22. For ex-
ample, Theorem 3.2 shows in particular that the Hilbert spaceH(C2z,w) possesses different
special L2-Hilbertian orthogonal decompositions in terms of new functional poly-analytic
Hilbert spaces of Bargmann type spanned by the polynomials Hm,n,j,k(z,w). In fact, by
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considering for example
A2n,j,k(C2) = Span{Hm,n,j,k(z,w); m = 0, 1, · · · }
H(C2z,w),
for fixed n, j, k, we claim that A2n,j,k(C2) is a Hilbert subspace of H(C2z,w). The special case
A20,0,0(C2) is realized as A20,0,0(C2) = ker(Aξ) ∩ ker(Aξ∗) ∩ ker(Aξ˜) ∩H(C2z,w) and there-
fore is contained in the two-dimensional Bargmann–Fock spaceF 2(C2) of L2-holomorphic
functions on C2 and coincides with the phase space
A2(C2) :=
{
F ∈ F 2(C2);
(
∂
∂z
+ i
∂
∂w
)
F = 0
}
(4.5)
which is unitary isomorphic to the configuration space L2(R,C) by means of the integral
transform
Gν f (z,w) :=
(
c2ν
pi
) 1
2 ∫
R
f (x)e−(x−
z+iw
2 )
2
dx (4.6)
obtained as the composition of 1d- and 2d-Segal–Bargmann transforms (see [6]). The gen-
eralization of the considered transform, to the context of the phase spaces A2n,j,k(C2), can
be constructed as a coherent state transform from L2(R,C) ontoA2n,j,k(C2). The associated
kernel function is closely connected to the bilinear generating function
Kn,j,k(t; z,w) :=
∞
∑
m=0
tnHm(x)Hm,n,j,k(z,w)
m!
.
Another interesting class of functional spaces inH(C2z,w) are the ones defined by
A2m(C2) = Span{Hm,n,j,k(z,w); n, j, k = 0, 1, · · · }
H(C2z,w),
leading to another orthogonal Hilbertian decomposition of H(C2z,w). We claim that for
every fixed m, the space A2m(C2) is closely connected to the concrete spectral analysis
of the second order differential operator Sξ in (3.23) acting on H(C2z,w). In fact, one can
show that A2m(C2) is an L2-eigenspace of Sξ with m as associated eigenvalue, A2m(C2) =
ker(Sξ −mId)|H(C2z,w).
Added to A2m,n,j(C2), A2m(C2) and their variants, one has to define in a similar way the
spaces A2m,n(C2) (as well as its variants). It should be noted here that the following local
orthogonal Hilbertian decompositions hold trues
A2m(C2) =
∞⊕
n=0
A2m,n(C2)
and
A2m,n(C2) =
∞⊕
j=0
A2m,n,j(C2).
Therefore, the global ones forH(C2z,w) are the following
H(C2z,w) =
∞⊕
m=0
A2m(C2) =
∞⊕
m,n=0
A2m,n(C2) =
∞⊕
m,n,j=0
A2m,n,j(C2).
The concrete description of these spaces is the subject of a forthcoming paper.
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